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THERMAL CONDUCTIVITY

The thermal conductivity coeflicient K of a solid is most easily defined
with respect to the steady-state flow of heat down a long rod with a temperature
gradient dT/dx:

e
o=k, (54)

where Q is the flux of thermal energy (energy transmitted across unit area
per unit time).

The form of the equation (54) which defines the conductivity implies that
the process of thermal energy transfer is a random process. The energy does
not simply enter one end of the specimen and proceed directly in a straight path
to the other end, but rather the energy diffuses through the specimen, suffering
frequent collisions. If the energy were propagated directly through the speci-
men without deflection, then the expression for the thermal flux would not
depend on the temperature gradient, but only on the difference in tempera-
ture AT between the ends of the specimen, regardless of the length of the
specimen. The random nature of the conductivity process brings the tempera-
ture gradient and a mean free path into the expression for the thermal flux.

From the kinetic theory of gases we find below in a certain approximation
the following expression for the thermal conductivity:

K = 3Cot (55)

where C is the heat capacity per unit volume, v is the average particle velocity,
and f is the mean free path of a particle between collisions. This result was
applied first by Debye to describe thermal conductivity in dielectric solids,
with C as the heat capacity of the phonons, v the phonon velocity, and {the pho-
non mean free path. Several representative values of the mean free path are
given in Table 3.

We give first the elementary kinetic theory which leads to (55). The flux
of particles in the x direction is $n{|v,|), where n is the concentration of
molecules; in equilibrium there is a flux of equal magnitude in the opposite
direction. The ¢ - - -} denote average value. If c is the heat capacity of a particle,
then in moving from a region at local temperature 7' + AT to a region at local
temperature T a particle will give up energy ¢ AT. Now AT between the ends
of a free path of the particle is given by

AT = 4T, _ dT

dx % VT (56)

where 7 is the average time between collisions.
The net flux of energy (from both senses of the particle flux) is therefore
ar

O — név2) CT% = +ndv2) cr

ar

< (57)
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Table 3 Phonon mean free paths.

[Calculated from (55), taking v = 5 X 10° cm/sec as a representative sound velocity.
The U’s obtained in this way refer to the umklapp processes defined by (61)].
e B I o i

Crystﬂ T.°G C,in ] cm™3deg? K, watt cm~1deg~? {,in A
Quartz*® 0 2.00 0.13 40
—190 0.55 0.50 540
NaCl 0 1.88 0.07 23

—190 1.00 0.27 100

* Parallel to optic axis.

If, as for phonons, v is constant, we may write (57) as
aT
= +Col=— 58
0=3cudl (59)

with £= vr and C = nc. Thus K = $Cvl.

attice Thermal Resistivity

JThe phonon mean free path [ is determined principally by two processés,
geometxjcal scattering and scattering by other phonons. If the forces befween
atoms were purely harmonic, there would be no mechanism for collisions be-
tween different phonons, and the mean free path would be limifed solely by
collisions of a phsgon with the crystal boundary, and by lattjee imperfections.
There are situations™ghere these effects are dominant. Wit anharmonic lattice
interactions such as (43)_there is a coupling between different phonons which
limits the value of the meax_free path. The exact p6rmal modes of the anhar-
monic system are no longer Iike pure phonons,/We consider first the thermal
resistivity from lattice interactiont :

The theory of the effect of anhaxuopdic coupling on thermal resistivity is a
complicated problem. An approximate’calculation has been given by Debye,!
and Peierls1213 has considered the probleix in great detail. They both show
that ( is proportional to 1/T at high temperakyres, in agreement with many
experiments. We can under§tand this dependence\in terms of the number of

11P. Debye, “Zustgrdsgleichung und Quantenhypothese mit einemN\Anhang iiber Wirmelei-
tung.”” In Vortrige tibef die kinetische Theorie der Materie und der Elektrizitd% _von M. Planck et al.
(Mathematische Veflesungen an der Universitit Gottingen: VI.) Leipzig, Teubnex, 1914, pp. 19-60.

12R. Peiegl; Ann. Physik 3, 1055 (1929).

13C. Bérring, Phys. Rev. 95, 954 (1954); J. Callaway, Phys. Rev. 113, 1046 (3959); R. E.
Nettleto, Phys. Rev. 132, 2032 (1963); and the reviews cited at the end of the chapter. Thé&\Callaway
and Mettleton papers contribute to an understanding of the combined effects of lattice and imyurity
sodttering; see also M. G. Holland, Phys. Rev. 132, 2461 (1963); P. Erdés, Phys. Rev. 138, AT2Q0
(1965).
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