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Fig. 7.15 The scettering of Mo Ka x-rays (» = 0.707 A) at an angle 6 gives rise to two peaks in the scattered radiation, one at the
3 incident wavelength and the second at a wavelength greater by AN = 0.024(1 — cos 8) A. (After A. W. Smith and J. N. Cocper,

& *“Elements of Physics,”” Tth ed. Copyright 1964. McGraw-Hill Book Company. - Used by permission.)
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A=44 v = 6//0 ' c:apﬂa

The following mathematical relations are useful in dealing with the reciprocal
lattice:

a*-a = 2n, at-b=a*c=0

’

b*-b br¥ca =brse =0

Il
to
A

) (2.35)

c¥-¢c = 2m, c¥eq=c*-b=0.

The first row of equations, for instance, can be established as follows: To prove
the first of the equations, we substitute for a* from (2.33) and find that

: 21 (b |
a¥*-a=-— %G Ay
Q

c

But (b x ¢)-ais also equal to the volume of the unit cell Q, and hence At Eg= 2
as required. The second two equations in the first row reflect the fact, already
mentioned, that a* is perpendicular to the plane formed by b and c. The remainder
of the equation in (2.35) can be established in a similar manner.

Examples of reciprocal lattices are shown in Fig. 2.7. Figure 2.7(a) shows a
direct one-dimensional lattice and its reciprocal. Noté that in this case a* is parallel
to a, and that a* = 1/a. Figure 2.7(b) shows a plane rectangular lattice and its
reciprocal.” Three-dimensional examples are more complex, but the procedure
for finding them is straightforward. One employs (2.33) to find the basis a*, b*, c*,
and then uses (2.34) to locate all the lattice points. It is evident, for instance, that
the reciprocal of an sc lattice of edge a is also an sc lattice with a cube edge equal

o 2nja (Fig. 2.8). :

We can similarly establish that the reciprocal of a bce is an fec lattice, and
vice versa (see the problem section). One may extend the argument to other
crystal systems. When we realize that the reciprocal lattice is a lattice in its own
right, and that it possesses the same rotational symmetry as the direct lattice,
we see that the reciprocal lattice always falls in the same crystal system as its

direct lattice (see Table 1.1). Thus the reciprocals for monoclinic, triclinic,. . . and
" hexagonal lattices are also monoclinic, triclinic,. .

. and hexagonal, respectively.
(Note, however, that the two lattices need not have the same Bravais structure

within the same system; see the bec and fcc examples above.)
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Feorl  AHROFT — MERMIN

YOLUME OF THE RECIPROCAL LATTICE PRIMITIVE CELL

. Mwis the volume® of a primitive cell in the direct lattice, then the primitive cell of the
reciprocal lattice has a ‘.’MEW”‘ This is proved in Problem [.

OF Course | YoU CAN TAKE THE  RECIPROLAL
LA CE FCTDR G o, CALcULATE @*x L*>,Z”‘

THiC WA THOUGH  You HANE TD  CALCULATE  STHIE
RBCiPROCAL LATICE BCIORS,

THE f—@LLOLsqu Feotiert fiom A-M O RigHUGHTS

ﬂ{’l< QUF.;PON s /‘J\'\\'\f/ VTJ:}EOUC‘H"‘ — = —HZ"()Q;: o{i
THic  SoRT of THOoDRSM | T

st

L. (a) Prove that the reciprocal lattice primitive vectors defined in (5.3) satisfy

@2n)®

bl ’(bz X b3) = m
1

(5.15)
(Hint: Write b; (but not b, or bs) in terms of the a;, and use the orthogonality relations (5.4).)

(b) Suppose primitive vectors are constructed from the b; in the same manner (Eq. (5.3)) as
the b; are constructed from the a;. Prove that these vectors are just the a; themselves; i.e., show that

b, x by e
m = dy, etc E (5.16)

(Hint: Write by in the numerator (but not b,) in terms of the a;, use the vector identity A X

(B x C)=RBA-C) — CA-B), and appeal to the orthogonality relations (5.4) and the rcsult
(5.15) above.)

(c) Prove that the volume of a Bravais lattice primitive cell is

2n

U= |31 (ap x 33)I, (5.17)

where the a; are three primitive vectors. (In conjunction with (5.15) this establishes that the volume
of the reciprocal lattice primitive cell is (21)3/v.)
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Plane Triangle Formulas

THE DIsTANCE  wATH

In the following, 4, B, C denote the angles of any plane triangle, a, #, ¢ the corre-
sponding opposite sides, ands = ¥(a + b + ¢).

Radius of inscribed circle: \

i /(S i a)(s — b)(s - o)

Radius of circumscribed circle: A I
R a b

= = = ¢ A ‘
2sin A 2sin B 2sin C \

{
Law of sines:

as b e
sind  sinB  sinC

Law of cosines:

b 4ot - gt
a* =b 4.0t - 2hocosd,. EosA =enEE T &
2bc

t

2 2 2

c“+a - b

b* = ¢* + a* - 2cacos B, cos B e
ca

2 2 2
! = a® + b! — 2abcosC. cos C u

2ab
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_FIRST BRILLOUIN ZONE

Seitz primitive cell (page 73) of the reciprocal lattice is known as the

first Brillouin, zone. AS the name suggests, one also defines higher Brillouin zones,
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WIGNER-SEITZ PRIMITIVE CELL

One can always choose a primitive cell with the full symmetry of the Bravais lattice.
By far the most common such choice is the Wigner-Seitz cell. The Wigner-Sgitz cell
about.a 1ai'tﬁce_’gbﬂﬂt‘is the region of space that is closer to that point than to any
other lattice Qoint.lo Daoatde gm=traRotoieona et Bremaamiadiies

B vt -

& [RRPERTY T SRR

e Figure 4.14 :
The Wigner-Seitz cell for a two-dimensional

Bravais lattice. The six sides of the cell bisect -
the lines joining the central points to its SiX
nearest neighboring points (shown as dashed
lines). In two dimensions the Wigner-Seitz
cell is always a hexagon unless the lattice is
rectangular (see Problem 4a).

Gung Bk To THE SRAMNG  of THE kg
~ i E— a ~ o
EeToR N PERT 4D, IV THE LAt KBUPROCAL  z4TTICe

P ~
KE HAVE ol a A H L"C"f‘$ EL{F\C/;(-
A~ ’ .
& | X e ¥
Z : J L C 3\\ i
d e
¢ ‘ T Cf
a 3
J;t O*

==




WEKEFOEE" 5

/\ak
oL e

s l 3
]
—éfe e AT T 2 p l
] i /fﬂ OIFER T ALrINES
U
!
= v e
o = 5
e————
! -, -
E, =
W”’/»’/"?W«-«ﬁﬁ
{
o




L
-

}

AS  ALEADY  PIENTIONED N PRORLEN [4] ann (17 y

THE  DETER M {;\jﬁm ON 12 THE /\AHEE?’LA’M%"/& DisTances

QZAKL
ReTeEN  (hkl)  Puaneg DEsEr Ve

PARTICULAR.  ATTEN TI0N

WITH  THE ﬁouow\w} Feyy EXPLA'P/ﬁﬂbN{:/ WE WLl  ARGUE THAT-

THERS Sy YTO§OUND CONNEcTION  BETWEETN THED INTERPLANF R
THE  VECTURS of THE  Recirrogs LATTICE
THE  INTBRBLAPE. DicTance

BAgs's LA o ERE DT
CLARIEY ) :

.

DicTee g AND

-

ST founDAMENTA,  ROLE  n
T e VERY /A/V/,"%O«@'T,’»“;/f\_/r T& IRY

B PoiaT
“7«‘@ L)j‘g" O'ﬁ i Ok F’CC"‘Q!QOCA ; ;
e N T = LATT e ON I BE il
WAY  To  peTERMirss i Ao Uﬁ; IDEC A systemaTL
G i g Bhen o
, y : e o UMPLex THAT A GOMBTRIcAL

b H:lf’ st e Given a particular Bravais lattice, a lattice plane is defined to be any plane con-
AcHiBve, taining at least three noncollinear Bravais lattice points. Because of the translational |
symmetry of the Bravais lattice, any such plane will actually contain infinitely many |
lattice points, which form a two-dimensional Bravais lattice within the plane. Some
lattice planes in a simple cubic Bravais lattice are pictured in Figure 5.3.
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Figure 5.3

Some lattice planes (shaded) in a simple cubic Bravais lattice; (a) and (b)
show two different ways of representing the lattice as a family of lattice planes.

By a family of lattice planes we mean a set of parallel, equally spaced lattice planes,
which together contain all the points of the three-dimensional Bravais lattice. Any
lattice plane is a member of such a family. Evidently the resolution of a Bravais lattice
into a family of lattice planes is far from unique (Figure 5.3). The reciprocal lattice

provides a very simple way to classify all possible families of lattice planes, which is
embodied in the following theorem:

For any family of lattice planes separated by a distance d, there are reciprocal
lattice vectors perpendicular to the planes, the shortest of which have a length
| é of 2n/d. Conversely, for any reciprocal lattice vector K, there is a family of lattice

planes normal to K and separated by a distance d, where 2n/d is the length of
the shortest reciprocal lattice vector parallel to K.
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IMPORTANT EXAMPLES

The simple cubic Bravais lattice, with cubic primitive cell of side g, has as its reciprocal
a simple cubic lattice with cubic primitive cell of side 2nt/a. This can be seen, for

example, from the construction (5.3), for if

a, = aR, a, = ay, a; = ai, (5.10)
then
2 2 2
f g ) e e e B (5.11)
a a a

The L‘ace—cergte{gd cubic Bravais lattice with conventional cubic cell of side a has
as 1ts reciprocal a body-centered cubic lattice with conventional cubic cell of side

47t/a. This can be seen by applying the construction (5.3) to the fcc primitive vectors
(4.5). The result is

4r 1 4r 1 - 4rm 1
b=l a9 i@t —9) B ——®EY-2 (12)
a2 a2 a 2

This has precisely the form of the bec primitive vectors (4.4), provided that the side
of the cubic cell is taken to be 4n/a.

The body-centered cubic lattice with conventional cubic cell of side a has as its
reciprocal a face-centered cubic lattice with conventional cubic cell of side 4r/a. This
can again be proved from the construction (5.3), but it also follows from the above
result for the reciprocal of the fcc lattice, along with the theorem that the reciprocal
of the reciprocal is the original lattice.

It is left as an exercise for the reader to verify (Problem 2) that the reciprocal to a
simple hexagonal Bravais lattice with lattice constants c and a (Figure 5.1a) | is another
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68 Chapter 4 Crystal Lattices

~where &, 9, and 2 are three orthogonal unit vectors, then a set of primitive vectors
for the body-centered cubic lattice could be (Figure 4.6) o ik

a; = ax, a ay, a a(x+y+z) @
S el Oe Al I o
(RO TR i -
Figure 4.6
Three primitive vectors, specified in Eq. (4.3),
for the body-centered cubic Bravais lattice. The
lattice is formed by taking all linear combina-
tions of the primitive vectors with integral
coeficients. The point P, for example, is P =
2 —a, —a, + 2a,.

<>




A symmetric set of primitive vectors for the face-centered cubic lattice (see Figure
49) 1s 5 P o i
=5+ a=2+%, az=-@&+9) =

_Kigure 4.9
A set of primitive vectors, as given in Eq. (4.5),
for the face-centered cubic Bravais lattice. The
labeled points are £ = a, + a, + a,, 0 = 2a,,
R=a, +aj,and S = —a, + a, + a,.
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ADDENDUM

Surface structure 49

momentum parallel to the surface and its validity can be seen in Fig.
3.8. Eqn (3.1 3b) amounts to the conservation of energy used here because
it is an elastic scattering process under consideration.

’J\_l__L
k y ek

= 20,

03) . (03) (D)) 00) (0N (02) 03) (04) ctc.

FIG. 3.8. The Ewald sphere construction (e.g. Wormald 1973) applied to diffraction
from a square net of atoms of side a. In the case drawn seven elastically scattered
diffracted beams can be generated by incident wavevector k, arriving at an angle
of incidence ¢ to the surface normal. Four beams are shown back-scattered from the
surface; three beams are shown transmitted into the solid. More than this number of

beams will occur because only that part of reciprocal space in the plane of the paper
can be drawn. /nser. Real space diagram of the specular beam kil

P You ARE N 2D L YU HAVE YD peAuEE  wmmT e
(o iedas | laes | e DIMBNSON — UHicH  Baenny
INFINITBLY ALONG? et . .
N FRBLEM (10 we eutLng  TraT it W e
DikEeT  shmice Yoo Have @2 181 = v r=itrocar spacs
s 3 1 |
>

S N 2D J }(‘j/:,@’_ => /5*/——3'&@

THIS GIVE RISS MIT 0 MINT any poge , BUT " Ropg"
WHICH — ALXAYS  (NTERSECT  THE  mlgmep SPHERE , So YHAT

You AtwArs  HAVE  SPOT. THIS s WHAT. HAPPEC . IN
THE  Diffracnen 7£o_/a Eleomohe @ Low oMkawm,

(L.Qé/b)

g AR N T L





