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Additional drawings to illustrate Problem  8(a) 
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Additional drawings to illustrate Problem  8(a) 

In terms of actual reciprocal lattice points involved, 
(002) is actually [011] =  0 + b2 + b3 above, 
and  
(111) = [111] = b1 + b2 + b3  
 

(001) reflection plane of atoms

(002) reflection plane of atoms

Perpendicular bisector of (002)

Real Reciprocal 

Primary ref. for  
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Further derivation and plots on next pages



Which correlates 
perfectly with the 
zero slopes in the 
energy band for 
the 1D chain: 

E=E0+4 E=E0 

Which correlates 
perfectly with the 
zero slopes in the 
energy band for 
the 1D chain:

E=E0+4E=E0
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 [7] Special problem:  On the next page is shown a theoretical electronic band structure 
calculation for aluminum, together with the corresponding density of states.  The energy 
is in Rydbergs = Ry = 13.605 eV.  The electronic configuration of atomic aluminum is 
1s22s22p63s23p1.  It is fcc with lattice constant 4.05 Å. 

(a) Which are the core electrons and which are the valence electrons in aluminum? 
1s22s22p6 are core, and 3s23p1 are valence. 

(b) Show, by numerical check at five equally spaced points, that the band extending 

from  to X actually is very close to that expected for a totally free electron (what 
your text calls the empty lattice model).  Note that you will need to use the correct 
magnitude for the wave vector along this direction.   
          See calculation on next page. 

(c) Show, also by numerical check at five points, that the calculated density of states 
curve follows on average that expected for a free electron.   
          See calculation on next page. 

(d) Do an approximate numerical integration of the density of states (given in 
states/eV) from the bottom of the bands to the Fermi level, and show that it yields 
an answer consistent with the number of valence electrons.   
          See calculation on following pages. 

(e) What is the group velocity of an electron in a state just beyond L and going toward 
W?   
           Very small, essentially zero at the point where the bandgap is formed. 

(f) Bragg reflection from which set of planes is responsible for the gap at X? 
            (002), see earlier problem 8(a) for this answer.  

(g) Qualitatively explain the little peaks and valleys in the density of states centered 
on the dashed lines. 
            The peaks are due to places where bandgaps form, involving standing-

wave-like states with low group velocity d/dk and high 1/(dE/dk), the valleys are 
places where, just above a gap in k, the group velocity is higher than the free-
electron value, and the density of states thus lower than the E1/2 variation. 

 
 

 



[7] (b) 

0 

2/a = 1.55 Å-1 

0.5(2/a) = 0.78 Å-1 

0.78(2/a) = 1.21 Å-1 

kx 

E(k) relative to band bottom:   0          2.72       5.44        8.16    

E = 2k2/2me 

Plugging in the constants and converting to convenient 
units gives finally 
E(eV) = (k(Å-1) /0.512)2 
So for the three k values at left, we get energies below, 
in reasonably good agreement with full band structure 
calculations 
        
 

E(k) relative to EF (eV):   0          2.32       5.58       9.16 (in middle of bandgap at  X)   

8.84  



[7] (c) 

E relative to band bottom:      1.1     3.1     5.1     7.1      9.1     11.1 

DOS from E1/2: x0.395/(11.1)1/2  = 0.118 

                                                 0.124   0.207 0.266 0.314  0.355  0.393 

Excellent agreement within a few %! 

0 

0.395 

DOS 

0.360 

0.325 

0.277 

0.210 

0.135 

[7] (d)  Estimated total density of state in electrons 
= sum of each energy step x average DOS in step 
= 1.1(0.135/2)+2.0[(0.210+0.135)/2]+2.0[(0.277+2.10)/2] 
+2.0[(0.325+0.277]/2] +2.0[(0.360+0.325]/2] 
+2.0[(0.395+0.360]/2] 
= 0.135+0.210+0.135+0.277+0.210+0.325+0.277+0.360+0.325 
0.395+0.360 
= 3.009  Exactly the number of valence electrons in aluminum! 
 
 
 
 




